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The four- dimensional gauge group of general relativity corresponds to arbitrary coordinate transfor- 
mations on a four- manifold (spacetime) . Theories of gravity with a dynamical structure remarkably 
like Einstein's theory can be obtained on the basis of a four-dimensional gauge group of arbitrary 
coordinate and conformal transformations of riemannian metrics defined on a three-manifold. This 
new symmetry is more restrictive and hence more predictive. Many of the difficulties that have 
plagued the canonical quantization of general relativity seem to vanish. 
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Let us consider a number of spaces: Riem, the set of 
all riemannian three-metrics on a given compact mani- 
fold; superspace, obtained from Riem by identifying as 
three-geometries all three-metrics that are related by 
coordinate transformations; and conformal superspace, 
{CS), obtained from superspace by identifying all three- 
geometries whose metrics are related by conformal rescal- 
ings gab ^"^gab where uj is an arbitrary strictly positive 
function. One can regard the conformal factor as a fourth 
'coordinate' on three-space. We also consider restricted 
conformal superspace, {CS*), in which only conformal 
three-geometries with the same volume are identified. 

In canonical general relativity one is given a pair 
{Sab, tt"''} where gab is a riemannian three-metric and tt"'', 
the conjugate momentum, is a symmetric three-tensor- 
density. These must satisfy the four constraints 

<,^ = 0; = A,fc-i(tr^)2, (1) 

where R is the scalar curvature of gab- 

There are twelve degrees of freedom per space point 
in the pair {gab^ tt"''} but three of them represent the 
three coordinates and we also need to include the four 
constraints. Hence the initial data really have five degrees 
of freedom. Four represent the true gravitational degrees 
of freedom while the fifth is kinematical and represents 
the freedom to imbed the spacelike slice in the spacetime. 

York has cogently argued j|] that the four dynamical 
degrees of freedom are coded into the conformal geome- 
try of the spacelike slice and that the configuration space 
of gravity should be conformal superspace. This almost 
works in general relativity. The six components of the 
metric reduce to two when one subtracts off one confor- 
mal and three coordinate degrees of freedom. Also any 
symmetric tensor, Aab, can be uniquely decomposed 

Aab = Alif + {LW)ab + Ogab 

= All + {KW)ab + Ogab (2) 



where (LW)ab = Wa;b+Wb;a— -kgab is the conformal 
killing form of a vector W''; {KW)ab = Wa-b + Wb-.a is the 
killing form of the same vector; 39 — trA — gabA"^''; and 
9 — 9— ^W'^-k- Al""^ is both tracefree and divergencefree. 
TT tensors are conformally covariant: if is TT with 
respect to a given metric gab-, then uj^'^ is TT with 
respect the conformally related metric g'^^^ = ijj^gab- Thus 
any TT tensor represents a tangent vector in conformal 
superspace and clearly has two degrees of freedom per 
space point. In general relativity the standard approach 
is to choose the trace of the extrinsic curvature as the fifth 
degree of freedom. This breaks the conformal invariance. 

We intend to take the conformal structure seriously 
and construct a new theory of gravity. We find a confor- 
mally invariant action which gives a measure (a 'metric') 
on conformal superspace. The solutions of the theory will 
be a family of unique geodesies in the configuration space. 
Since we start with a Jacobi action, the geodesic will be 
a parametrised curve. The parameter itself has no intrin- 
sic meaning. It is remarkable how closely these curves in 
conformal superspace match curves in superspace which 
represent solutions of the Einstein equations. 

In 1962 Baicrlein, Sharp and Wheeler (BSW) [| con- 
structed a Jacobi action for G.R. It was of the form 

/ = y y" Vg^/^VTd^x, (3) 

where the 'kinetic energy' T is 

(If - (^^)-) (If - (^^)-) ■ 

This action reproduces the standard Einstein equations 
in the thin-sandwich form with lapse N = ^JT/AR. 

Barbour and Bertotti ||] realised that this action could 
be constructed naturally by a 'best matching' procedure. 
One picks two nearby metrics gab and gab + 5gab and tries 



1 



to measure a separation between them while allowing 
for an arbitrary coordinate transformation on the sec- 
ond metric and simultaneously using the 'potential en- 
ergy' term y/R as a weighting. Hence one minimizes the 
action over all vectors W°-. In fact, BSW actually had 
two coordinate transformations: one generated by W"" , 
the other which is implemented by the action being a 
geometric scalar. 

The simplest conformalization of the BSW action is 



The momentum conjugate to gab^ found by varying the 
action with respect to dg/dX, is 



I = dX 



R 



8V2 



where V{(j)) = J (j)^y/g(Px and the new T is 

rji / ac bd A ab cd\ 

T= (g g - Ag g ) 
' dgab 



(5) 



dX 



{LW)ab - dgab ] - {LW)cd - Ogcd ] , (6) 



with A an (as yet) arbitrary constant. We do not restrict 
ourselves to the DeWitt form but rather allow a more 
general supermetric in the theory . The denominator 
must be chosen to be of the same degree in (f> as the 
numerator so that one cannot make the action vanish by a 
simple scaling on 0. Other similar conformally invariant 
actions can be found by changing the power of R in the 
numerator and appropriately changing the denominator. 

As in Ref. 1^ we compare two nearby metrics; how- 
ever, in addition to the coordinate transformations, the 
new scalar, 6, in the kinetic energy allows us to make an 
arbitrary conformal rescaling between the slices while the 
second function, (/), allows an overall conformal rescaling. 

Both the numerator and denominator are conformally 
invariant. Choose an arbitrary positive function lo{x^ , X) 
and consider the following mapping 



9ab = ^ 9ab 



djab 
' dX 



dX 



LlI 



+ ^-Q^9ab, 

dx- 



(7) 



This gives 



R'-'-^=.-HR-'-^), 



{L'W')ab - io\LW)ab, r - T, 



T. (8) 



We find the constraints of the theory by varying with 
respect to (j), W, and 6. All the equations will be confor- 
mally invariant. Only the TT part of dg/dX contributes 
to the action; however, after we solve the constraints, 
dg/dX-{LW)-9g wiU not be just the TT part of dg/dX, 
it will have a vector part arising from the fact that the 
potential energy is not constant. 



{LWU - Ogcd ■ (9) 



Note that we go from a displacement to a direction in 
Riem because Vt is the norm of the dg/dX term and so 



TT TTafc 



^ itr.f-^(R~'^\. (10) 
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which is a reparametrisation identity arising directly from 
Eq.(||). When we vary the action w.r.t. and 9 we get 
the striking result that tt"'' is TT and thus a direction in 
conformal superspace. In other words 



TT ;6 = U, 



triT = 0. 



(11) 



This shows that the coefficient A in the supermetric can 
be set to zero; the kinetic energy is positive; and the 
reparametrisation identity reduces to 



R 



8V^ 



(12) 



We next consider the variation w.r.t. (p. Effectively we 
are minimizing the BSW action on a fixed metric and fur- 
ther minimizing it by making an overall conformal trans- 
formation as defined by Eq.(|7|). The minimizing (j) is the 
conformal factor that brings us to the minimizing metric. 
The equation is 



VT{cj)^R-7(f>''W^q 



R 



8V2<J 



R 



8V2<7 



(13) 



This is a conformally invariant eigenvalue equation. The 
eigenvalue C arises from the variation of the denominator 
and it is what prevents = from being a solution. We 
call this the energy norm equation. 

Implementing tn: = is trivial: one subtracts off the 
trace of dg/dX. The energy norm equation and setting 
7r°'';b = are more difficult: one finds a set of four nonlin- 
ear coupled equations. These are analagous to the thin 
sandwich equations of general relativity |^] . We presume 
that they can be solved for a range of {gab, dgab/dX}. 

The problem of solving these equations can be avoided. 
We construct the hamiltonian version of conformal grav- 
ity and it is, as in general relativity, better posed than the 
thin sandwich version. The initial data now consist of a 
metric and a TT tensor density, {gab, yi<f>)^'^TT}^ these 
should be thought of as a point and direction in conformal 
superspace. Since tt'^^ (and not dgab/dX) is now the basic 
variable the reparametrisation identity, Eq.(nOh, becomes 
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an equation and is solved for a positive (/) = 4's- This 4>. 
is substituted into the energy norm equation, Eq.(13) 



which, in turn, is solved for T. We can (if we wish) use 
the solution, 0^, of the reparametrisation equation as a 
conformal factor to simplify matters. We call the sys- 
tem in this 'simplest' state the best-matched represen- 
tation. The solution of the reparametrisation identity, 
in the best-matched representation, following Eq.(^, is 
(j)'^ — <ps/^ — 4>s/4's = 1- Thus the energy norm equa- 
tion, in the best matched representation, reduces to 



(14) 



with the eigenvalue C satisfying C = J \/gRTd?x, the 
numerator of the Lagrangian. This equation is homoge- 
neous and thus the solution has an undetermined overall 
scale factor. It is this scale factor which allows the global 
reparametrisation of the solution curve in configuration 
space. 

The equation for the time derivative of tri: in general 
relativity is 




d ( tm 

dt V7f 



2RN 



N{trn) 



2V^N + 



trTT 



(15) 



Thus the equation for the lapse function which generates 
constant mean curvature slices at tri: = is 



RN~S/^N = Ci, 



(16) 



essentially the same as Eq.(|TJ). In the best- matched rep- 
resentation the reparametrisation identity, Eq. (|2|) , looks 
just like the hamiltonian constraint of general relativ- 
ity at maximal expansion if we multiply the conformal 
gravity momentum by . Further, if we compare 
Eq.(^ to the definition of the momentum in canonical 
general relativity, it is clear that the natural relationship 
is 2N = ^/T/R, just as in BSW. 

The lagrangian equation (or the second hamiltonian 
equation) is dn°'''/dX = dL/dgab- Thus the dynamical 
equations in the best-matched representation are 



^3. 



dX 
g^ab 




(17) 



= -^g'^" - ^-Mr'^' + i (M] 
y 2Vi? 2yjRj 



;a6 



\ — 9 ~ \ — ^ ^ c 



VaC'^b 



3V 



r- (18) 



The initial data consist of a pair {gabi 'i''^''} which satisfy 
the three constraints 

tt''^ = 0, ir-TT = 0, V^-K^^T^ab = gR, (19) 



and the function T must satisiy Eq. (p^ . It is easy 
to show that the evolution equations preserve the con- 
straints. Therefore they generate a unique curve in Riem 
which stays in the best-matched representation. We can 
add to each of the evolution equations a Lie derivative 
with respect to an arbitrary shift. This will give us a 
curve in superspace that remains in the best-matched 
representation. This is a representative of our desired 
curve in CS. If we substitute {g, dg/dX} from this curve 
into the original action, Eq.(^, the best- matching proce- 
dure will give us = 1, = 0,6 = 0. 

It is remarkable that a scale-free theory nevertheless 
leads, through best-matching minimization, to a metric 
with scale. It was shown in |^ how local proper time 
emerges through best-matching on superspace. Now lo- 
cal lengths emerge from scale-free best-matching on con- 
formal superspace. The determination of the full met- 
ric via the Lichnerowicz equation, which is essentially 
our Eq.(|l2[), as the final step in the York procedure has 
usually been regarded as a useful construct rather than 
something fundemental. Our work shows that it is natu- 
ral and inevitable in conformal gravity. 

Let us consider a cosmology which satisfies the vac- 
uum Einstein equations and goes from a big bang to a 
big crunch. This will have a moment of maximum ex- 
pansion. At this point we will have initial data for both 
general relativity and conformal gravity using the rela- 
tionship ttq'q = V^T^ciR- propagate the Einstein 
initial data in the constant mean curvature gauge and the 
conformal gravity data in the best-matched representa- 
tion. We find that initially N is proportional to y^T/R 
and can arrange 



dgab 



at 



GR 



dgab 



dX 



CG 



Q^ab 



dt 



GR 



Q^ab 

~dX' 



CG 

(20) 



We cannot maintain this matching at higher orders, be- 
cause the GR momentum develops a trace, but we can 
certainly match to the next order by using a conformal 
rescaling to move the conformal gravity curve out of the 
best-matched representation. 

It is easy to work out the hamiltonian. It is 



H 



TF(0)3 



8V2<J 



-2H/a7r°^6 -I- etriT. 



71^ TTaf, - 



R 



(21) 



It is the sum of the three constraints with lagrange mul- 
tipliers. Wc have four quantities without associated mo- 
menta, W"', 9, T, and (p. When we vary w.r.t. the first 
three we get the three constraints, when we vary w.r.t. 
4> we get the energy norm equation, Eq. (p^ . 

This analysis works in the case where the manifold is 
compact without boundary. In the asymptotically flat 
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case we cannot use the volume as denominator. The 
obvious solution is to use the numerator as the action 
and to control the conformal factor by the requirement 
that — !■ 1 at infinity. This means that the energy norm 
equation is no longer an eigenvalue equation, and Eq.(p^) 
becomes 

V'y|-y|i? = 0. (22) 

This is the maximal slicing equation. Thus solutions of 
the vacuum Einstein equations in the maximal gauge (as 
curves in superspace) agree exactly with solutions of the 
conformally invariant equations in the best matched rep- 
resentation. Therefore conformal gravity should pass all 
the standard tests. The hamiltonian will look just like 
Eq.(pTl) except that the F(0) is omitted. This is non- 
differentiable and the usual surface terms will have to 
be added to control the integration by parts 0. The 
positive energy theorem j|] continues to hold. 

There are solutions of the vacuum Einstein equations 
which are not linked to solutions of the conformal equa- 
tions. These are the solutions in GR which do not have 
a maximal slice such as cosmological solutions which ex- 
pand forever. The reparametrisation identity demands 
that the scalar curvature be positive. This severely re- 
stricts the possible topologies Thus we have some 
form of topological censorship. 

Applying the standard canonical quantization pro- 
cedure to this conformal theory is quite straightfor- 
ward: the reparametrisation identity converts into a 
Wheeler-DeWitt equation and we get a time independent 
Schrodinger equation which gives us a probability distri- 
bution on conformal superspace. The other constraints 
act on the wavefunction to guarantee both coordinate in- 
dependence and conformally invariance. The time inde- 
pendence also is natural: there is no time in the classical 
theory so why should there be one in the quantum the- 
ory? Finally, the supermetric is positive definite: there 
are none of the negative energy modes that bedevil the 
standard Wheeler-DeWitt equation. 

In light of the success of this programme, it is certainly 
worth trying to cast general relativity as a theory with a 
restricted conformal invariance. Removing the denomi- 
nator in the action Eq. (^ and replacing it with the term 
+C[^(0) ~ ^o]: where ^ is a lagrange multipher, has es- 
sentially no effect on the system. Both the energy norm 
equation and the hamiltonian equations are unchanged 
except that the V^s drop out. In this new version, we 
are making a restricted overall conformal transformation, 
one which preserves the total volume. If we restrict the 
conformal rescaling between the nearby metrics in the 
same fashion, we replace 9 by 6";q, where 6° is an arbi- 
trary vector field. The constraint that arises from varying 
6" is Va(tr7r) — 0, the constant mean curvature condi- 
tion. In addition, we need to return to the original form 
of the BSW supermetric, i.e., g'"'g'"^ ~ g^'^g'"^- Then, in 



the best matched representation, when <?!) = 1, the sys- 
tem is identical to general relativity in the CMC gauge. 
Let us stress that this theory is not quite as simple as 
it seems: it has a very complicated gauge group because 
the kinetic energy is not conformally invariant. 

There are a number of obvious ways of generalizing 
this work, It is clear that adding a constant to the scalar 
curvature term in the action is equivalent to adding a 
cosmological constant to the theory. It would be inter- 
esting to couple in matter; an obvious place to start is 
with fields which have their own conformal invariance as 
in . The other conformal theories with different pow- 
ers of the scalar curvature also need to be investigated. 
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